HOMOGENIZATION OF MONOTONE SYSTEMS OF 
HAMILTON- J ACOBI EQUATIONS 



FABIO CAMILLI, OLIVIER LEY AND PAOLA LORETI 

Abstract. In this paper we study homogenization for a class of monotone systems 
of first-order time-dependent periodic Hamilton- Jacobi equations. We characterize the 
Hamiltonians of the limit problem by appropriate cell problems. Hence we show the 
uniform convergence of the solution of the oscillating systems to the bounded uniformly 
continuous solution of the homogenized system. 



1. Introduction 

In this paper we study the behavior as s — > of the monotone system of Hamilton- Jacobi 
equations 



2g+H i (x,£,u e ,DuZ) = (x,t)eR N x (0,7], 



1.1) 

' uf(x,0) =Uo,i(x) xeW, i = l,---M, 

where the Hamiltonians Hi(x,y,r,p), i = 1, . . . ,M, are periodic in y, coercive in p and 
satisfy some uniform continuity properties, see (12.21) . The Uq/s are bounded uniformly 
continuous (BUC in short). The monotonicity condition, see (12.31) . we assume for the 
system is a standard assumption to obtain a comparison principle for (11.11) (see [TO], [12], 



The main result of the paper, see Theorem 15.21 is the convergence of u £ , as e — > 0, to a 
BUC function u — (ui, . . . , %) which solves in viscosity sense the homogenized system 



(1.2) 



^ + Hi(x, u, Dm) = (x, t) e R N x (0, T), 
Ui(x,0)=uo,i(x) x e M. N i — M. 



The Hamiltonians Hi of the limit problem, the so-called effective Hamiltonians, are char- 
acterized by appropriate cell problems. The comparison principle for (11.21) which provides 
existence and uniqueness is not an imediate consequence of the comparison principle for 
(ll.ip since the regularity properties we could prove for the effective Hamiltonians are weaker 
than those for the initial ones (compare (12.21) and (14.31) ). 

Homogenization of Hamilton- Jacobi equations in the framework of viscosity solution 
theory was firstly considered in the seminal paper by Lions, Papanicolau and Varadhan 
[15] . The proof of the our homogenization result relies on an appropriate modification of the 
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classical perturbed test function method. This technique was introduced in the framework 
of the viscosity solutions theory by Evans [UJ for the case of a periodic equation. Then 
it has been adapted to many different homogenization problems, see e.g. pQ, [7j, [8], [T6] . 
For a complete account of the homogenization theory in the periodic case we refer to pQ. 

Concerning the homogenization of systems of Hamilton- Jacobi equations we refer to [11] , 
[T7] . In these papers, homogenization of weakly coupled systems, i.e. systems with a linear 
coupling, was considered together with a penalization of the coupling term of order e^ 1 . 
Because of the penalization, the limit problem is a single Hamilton- Jacobi equation and 
all the components of the solution of the perturbed system converge to the unique solution 
of this equation. 

We consider the more general class of monotone systems, which in particular includes 
the weakly coupled ones. Moreover, since we do not penalize the coupling term, the 
homogenized problem is still a system of Hamilton- Jacobi equations and the perturbed 
test function method has to be adapted to this situation. 

In Section [6], we discuss in more details the homogenization of the weakly coupled sys- 
tems. In particular we show that the homogenized system is not necessarily weakly coupled 
but only monotone. For a particular 1-dimensional weakly coupled eikonal system, we give 
an explicit formula for the effective Hamiltonians. 

The plan of the paper is the following. 

In Section [2] we describe our assumptions and definitions. In Section [3] we study the 
system (11.11) for e > 0. In Section UJ we define the effective Hamiltonians and we study 
their properties. In Section [5] we prove the homogenization result. In Section [6] we study 
some examples and in particular the weakly coupled systems. Finally in the Appendix we 
prove a comparison theorem for (11. ip . 

Notation: We will use the following norm 

l/loo = ess sup |/(x)| 

and Bk(x, R) denotes the /c-dimensional ball of center x G R N and radius R > 0. 



2. Assumptions and preliminary results 
We consider the monotone system of Hamilton- Jacobi equations 

duf 



+ Hi (x, ^,u £ ,Du £ ^j =0 (x,t) eR N x (0,T), i = l r --M, 



[2.1) { dt \ e 

ul(x,0) = u ,i(x) xeR N 



where u £ = {u\ , . . . , u e M ) and u\ is a real valued function defined in M. N x [0, T}. We assume 
that the Hamiltonians Hj : R N x R N x M M x R N -> R, j = 1, . . . , M, are continuous and 



satisfy the following assumptions: 

i) Hj(x,y,r,p) is Z^-periodic in y for any (x, r,p); 

ii) Hj(x,y,r,p) is coercive in p, i.e. 



[2.2) { 



lim Hj(x,y,r,p) = +00 uniformly in (x,y,r); 

\p\^+oo 

iii) For all R > 0, tf, G BUC(R N xR N x [-R, R) M x 5^(0, i?)); 



iv) there exists a modulus of continuity uj s.t 

|-Hj-(a;i,yi,r,p) - Hj(x 2 ,y 2 ,r,p)\ < w((l + |p|)(|xi - x 2 | + - 2/ 2 |)), 
for every Xi, x 2 , yi, y 2 , P G R^ and r G R A/ . 

Unless otherwise specified all the periodic functions we consider have period = [0, 1]^. 
We also assume the following monotonicity condition 

If r, s G R M and r,- — s,- = max {r^ — Sb} > 0, then 

(2.3) k=i,...,M 

for all x, y, p E R , r, p) — i?j(a;, s,p) > 0. 

Concerning the initial datum we assume 

(2.4) uoj is bounded uniformly continuous in R^ for j = 1, . . . , M. 

Example 2.1. 

1. Consider 

(2.5) Hj(x,y,r,p) = a,j(x,y)\p\ + Fj(r). 

where aj G (7(11* x R n ) and Fj G C(R M ). If a t is Z^-periodic in y, then (f2T2]) i) holds. If 
there exists S > such that a,,- > 5 then fl2.2|) ii) is satisfied. If aj is bounded with respect 
to x then (I2.2p iii) holds (note that aj is bounded with respect to y since it is periodic). 
Finally, we have (I2.2p iv) if, for instance, aj is Lipschitz continuous with respect to {x,y). 
The assumption (I2.3P is satisfied if Fj is increasing in rj, decreasing in for k 7^ j. 

2. A weakly coupled system is a system of the type 

8 6 M 

(2.6) -jjL +Hi (z,-, Du{) + <* [x,?)u j = 0, i — 1, . . . , M. 

6 3=1 £ 

Some assumptions on Cy to ensure (12. 3p are given in Section [61 Weakly coupled systems 
arise in optimal control theory of random evolution processes (see [10J ) . Moreover they are 
associated to large deviation problems for small random perturbation of random evolution 
processes (see [6], [9]). We will study some specific case of weakly coupled systems in 
Section [6J 

For a function u : E — > R M , we say that u = (m 1; ..,Um) is upper-semicontinuous (u.s.c 
in short), respectively lower-semicontinuous (l.s.c. in short), in E if all the components 
Ui, i = 1, . . . , M, are u.s.c, respectively l.s.c, in E. We define in the same way bounded 
uniformly continuous (BUC) and Lipschitz continuous functions u : E — > R M . If u = 
(ui, . . . , um), v = (v 1, . . . , vm), are two functions defined in a set E we write u < v in E if 
Ui < v i in E for alH G {!,..., M}. 
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We recall the definition of viscosity solution for the system (12. ip . 
Definition 2.2. 

i) An u.s.c. function u : 1R x (0,T) — > R is said a viscosity subsolution of (12.11) if 
U{(-, 0) < u ,i in R N for all i G {1, . . . , M} and if whenever G C 1 , i G {1, . . . , M} and 
it, — attains a local maximum at (x, t) with t > 0, then 

^(z, t) + ^(x, -, w(x, t), D0(x, £)) < 0. 

ii) A l.s.c. v : R N x (0, T) — > R M is said a viscosity supersolution of (12.11) if Uj(-,0) > Uo,i 



m 



for alH G {1, . . . , M} and if whenever G C 1 , z G {1, . . . , M} and Vi — <fi attains a 
local minimum at (x,t) with t > 0, then 

^-(x, t) + Hi(x, -, t), ,D0(x, t)) > 0. 

iii) A continuous function u is said a viscosity solution of (12.11) if it is both a viscosity sub- 
and supersolution of (12.11) . 

3. The evolutive problem for e > 

In this section we study the system (12 .ip for e > fixed. We first prove a comparison 
theorem which applies to prove existence and uniqueness for (12. ip . Without loss of gen- 
erality, we can skip the ^/-dependence in the Hamiltonians below and we prove a slightly 
more general result for Hj = Hj(x,t,u,p) which depends also on t (and is continuous in 

WL N x [0, T] x M. M x M N ). 

Proposition 3.1. Let u be a bounded u.s.c. subsolution and v be a bounded l.s.c. super- 
solution of 



^ + Hi(x, t, u, Dm) = (ar, t) eR N x (0, T), 

pJV 



(3-1) 

' m{x,0) = u 0)i (x) xeR N , i = l,---M, 

where Hi satisfies ( 12.2p -( |2~3l) and uq satisfies ( 12. 4ft . Then u < v in R N x [0, T] and there 
exists a unique continuous viscosity solution u of (13. ip . 

Proof. See the Appendix [A] □ 

Proposition 3.2. Under the assumptions of Proposition \3J\ let u be the unique bounded 
continuous viscosity solution of (13.11) . Then u G BUC(Mr x [0, T]). 

Proof. See the Appendix [A] □ 

In the following proposition, we prove some a-priori bounds, independent of e, which are 
used in the homogenization theorem. 

Proposition 3.3. Assume (12.21) and (I2.3P and (12 .4p . For any e > there exists a unique 
solution u e G BUC(R N x [0,T]) of (123)1 . Moreover 

i) 7/tto bounded Lipschitz continuous, then u £ G W /1 '°°(]R Ar x [0,T]) and \Du £ \oo can 
be bounded independently of e. 



ii) If u is BUC, then 

(3.2) \u e \oo < L{H h \u \oo,T), 

(3.3) \u £ (x,t)-u £ (y,s)\ < uj sp (\x - y\) + uj tm (\t - s\) x, y G R N , t, s G [0, T] 

and L(Hi, |mo|<x>, T), u sp , u tm are independent of e. 

Proof. For fixed e > 0, the existence and uniqueness of the solution u £ G BUC {Mr x [0, T]) 
to (12. ip follows immediately by Propositions 13.11 and 13.21 Note that the L°° bound for u e 
does not depend on e. Indeed, replacing C in (1A.15j) by 

C := sup | Hj (x, ~,r,0) '■ x G R N ,y G R N , \r\ < \u \oo, 1 < j < m} 

which is finite and independent of e by periodicity of Hj in y, we obtain ()A.16j) and therefore 



We now prove (13.31) . Let u £ be a subsolution and v e be a supersolution of (12.11) which 
are BUC (the modulus of continuity of the solution may a priori depend of e). Arguing as 
in Prop. EH from (jATLTl) we have, for all j and (x, t) G M. N x [0, T], 



u e j (x,t)-v s j (x,t) < V t + (vA(x,0)-vf(y,0)) 



x — y\ 2 



< V T+ max sup(^(-, 0) - vft, 0))+ + (vf(x, 0) - vf(y, 0)) + 



\x — y\ 2 



and 

limsup(uf(a, 0) - uf(y, 0)) + - ^"^ < 

since v is uniformly continuous (see (1A.12I) and (1A.13j) ). Letting a — > and then ?7 — ^ 0, 
we obtain 

(3.4) max sup — < max sup 0) — v £ (•, 0)) + . 

i<i<^K^x[o,T] J J i<i<M RJ T VjV JV " 

We have to prove that the modulus of continuity of u £ do not depend on e. We proceed 
by approximation showing first the result for uq Lipschitz continuous. Replacing C in 
((AUDby 

C ^supjl^ (x,|,r,p)| : x G R N , y G R N , \r\ < |m U N < |£>«oU 1 < j < m} , 

we prove as at the beginning of the proof of Proposition 13.21 that, if v (x, t) = (uo,i{x) ± 
Ct, ■ ■ ■ ,u 0j m(%) ± Ct), then v + is a supersolution and v~ is a subsolution of (12.11) . By 
Proposition 13.11 it follows 

(3.5) v-<u<v + inl^x [0,T]. 

Let < h < T and note that, since the H^s are independent of t, u £ (-,- + h) is still 
a solution of (12. ip with initial data u £ (-,h). By (13. 4p and (13. 5p . we get that, for all j, 
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(x,t) G M. N X [0,T], 



ax sup ((/;(-.//) — //„ , ' 
and therefore u s a is Lipschitz with respect to t for every x with 



wf(a;, t + h) — uUx, t) < max sup (u%-, h) — u „•) < C7i 

1<7<M ro jv 



< c. 



Of 

From (12. ip . we obtain, in the viscosity sense 

-C < Hj(x, -, u £ } Du £ ) < C (x, t) G M. N x [0, T]. 



e 



By the coercivity of Hi (uniformly with respect to the other variables, see (I2.2l) ii)). there 



exists Lj > such that, for all p G 



aJV 



\p\ > Lj =^ for all e > 0, x G R N , r G R M , ^(x, -, r, p) > C. 

It follows that is Lipschitz continuous in x for every t with l-Dii^^ < Lj (with Lj 
independent of e). 

Now if uq G BUC(R n ), then it is possible to approach it by Lipschitz continuous func- 
tions: for all 7 > 0, there exists Uq such that \u — Mq|oo < 7- Let u £ (respectively u £n ) 
be the unique BUG (respectively Lipschitz continuous with constant C7 7 ) solution of (12. ip 
with initial data Mo (respectively Mq). Note that C7 7 is independent of e. By ( 13.41) . we obtain 

\u £ - M e ' 7 |oo < \u - M^|oo < 7. 

It follows that, for all 1 < j < M, x, y G R^, t, s G [0, T], 

(3.6) \u £ (x, t) - u £ (y, s)\ < \u^(x, t) - u e f{y, s)\ + 2 7 < C,(\x - y \ + \t-s\) + 2 7 . 

Since ( 13. 6 p holds for all 7 > and C7 7 is independent of e, we conclude that u £ is BUC 
with a modulus independent of e. □ 



4. The cell problem 

In this section we prove the existence of the effective Hamiltonians, the Hamiltonians 
for the limit system (ll.2p . Since at this level we work for a fixed index i, i.e. there is no 
coupling, we can follow the classical argument based on the ergodic approximation of the 
cell problem. The only point is to prove that effective Hamiltonians we are going to define 
still verify some regularity and monotonicity properties so that the homogenized problem 
verifies a comparison principle. 

The Cell problem. For any i = 1, . . . , M, given (x, r,p) G R N x R M x R^, find A, = 
Xi(x,r,p) such that the equation 

(4.1) H t (x J y J r,p + Dv(y)) = X i y G T N 

admits a viscosity solution Vi = Vi }Xt r jP . 



Proposition 4.1. Assume ( 12. 2p . For any i = 1,...,M, there exists a unique Aj = 
Xi(x, r,p) el such that the cell problem (14. ip admits a periodic solution Vi(y) = Vi(y; x, r,p) 
which is Lipschitz continuous. More precisely, for all R > 0, there exists Lr > such that 



sup-fl-DyUi^a^pJIoo : x G E , |r| + |p| < R} < L R . 

Proof. We only give a sketch of the proof, see for instance [8] for details. Fix i G {1, . . . , M}, 
R > and (x,r,p) G x M M x such that \r\ + \p\ < R. Consider the ergodic 
approximation of the cell problem 



(4.2) aw?(y) + H^x, y,r,p + Dw?(y)) = y G T 

By (|2.2p . (14.21) satisfies a comparison principle for any a > and therefore it admits a 
unique continuous viscosity solution w° which is periodic. By ( I2.2p iii). 

C R ^supllF.^y^^)! : x,y G R^, |r| + \p\ < R,j = 1, • ■ ■ , M} < +oo 

and —Cn/a is a subsolution and Cr/cl is a supersolution of (14. 2p . It follows 

-C R < awt < C R . 

By the coercitivity of the Hamiltonian Hi, there exists Lr = L(R, Hi) such that 

\p + Dw?\>L R =^ H l (x } y } r,p + Dwt)>C R . 
We then get the global gradient bounds for independent of a : 

|£><|oc < Lr. 

It follows that, for a fixed y G T^, there exists a sequence a n — > such that 
lim a n wf n (y) = Aj for any y G T , 

lim w^ n (y) — wf n (y ) = Vi(y) uniformly in T N . 

n—*oc 

Moreover Vi is Lipschitz continuous with constant Lr and by standard stability result in 
viscosity solution theory (\i,Vi) is a solution to (14. ip . Finally it is possible to prove that 
the number Aj for which (14.11) admits a solution is univocally defined, while it is well known 
that in general the viscosity solution of (14. ip is not unique. □ 

Definition 4.2. For any i — 1, . . . , M, the effective Hamiltonian Hi(x,r,p) associated to 
the Hamiltonian Hi is defined by setting 

Hi(x,r,p) = Xi 

where Aj is given by Proposition 14.11 

We now deduce some properties of the Effective Hamiltonians 

Proposition 4.3. Assume (12. 2p . For any i = 1,...,M, the effective Hamiltonian Hi 
satisfies 
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i) Hi is continuous in (x,r,p) and, for all R > 0, there exists a modulus of continuity 
uj r such that, for allx,x' G R N , r,r' G M M , p,p' G R N with \r\ + \r'\ + \p\ + \p'\ < R, 
we have 

(4.3) \Hi(x, r,p) - Hi(x', r',p')\ < u R (\x - x'\) + oo R (\r - r'\ + \p - p'\). 

ii) Hi is coercive in p (uniformly with respect to (x,r)). 

iii) If Hi is convex in p, then Hi is convex in p. 

iv) If Hi satisfies ( 12.31) . then Hi satisfies ( 12. 31 ). 

Proof. We first prove i). Let R > and (x, r,p), (a, s, q) G M. N x M M x R N such that 
l r l + l s l + \p\ + \q\ — R- Let v, w two periodic functions such that 

(4.4) Hi(x,y,r,p + Dv(y)) = Hi(x,r,p) yeT N , 

(4.5) Hi(x + a,y,r + s,p + q + Dw(y)) = Hi(x + a,r + s,p + q) yeT N . 

By periodicity of v and w, for any e > 0, the supremum 

1^ — 2/P 

sup {v(z) - iu(y) — } 

z,y£R N £ 

is achieved at some point (z, y) (which depends on x, a,p, q, r, s, e). Moreover it is easy to 
see that, since v,w are bounded Lipschitz continuous, we have 

(4.6) < \DvU \Dw\n < L R 

where L R is given by Proposition 14.11 Since v is a viscosity subsolution of ( 14.41) and w is 
a supersolution of (14.51) . we obtain 

Hi(x,z,r,p + p) < Hi(x,r,p), 
Hi(x + a,y,r + s,p + q + p) > Hi(x + a,r + s,p + q). 

It follows, using ( 12.21) . that 

Hi(x + a,r + s,p + q) - Hi(x,r,p) 

< Hi(x + a,y,r + s,p + q + p) - H { (x, z,r,p + p) 

= Hi(x + a,y,r + s,p + q + p) - Hi(x, z,r + s,p + q + p) 
+Hi(x, z,r + s,p + q + p) - Hi(x, z,r,p + p) 

< u((l + R+L R )(\a\ + \z-y\)) +u R (\s\ + \q\), 

where u is given by (I2.2l) iv) and u R is a modulus of continuity of the continuous function 
Hi on the subset l ff xfx [-R, R) M x B N (0, R + L R ) given by Qui). Sending e to 
and setting uj r {1) = max{a;((l + R + L R )l),u R (l)}, we get 

Hi(x + a,r + s,p + q) - Hi(x,r,p) < u R (\a\) + u R (\s\ + \q\), 

which ends the proof of i). The proof of ii) and iii) are standard, see [8]. 



We now prove that Hi, i = 1,...,M, satisfies the monotonicity condition (12.31) . We 
assume by contradiction that there exist r, s G M M such that r,- — s,- = max — Sk\ > 

and 

Hj(x } r,p) < Hj(x } s,p) 

for some x, p E ~R N . Let u, w be two periodic functions such that 

H j (x 1 y,r,p + Dv) = Hj(x } r } p) y G T N , 

Hj(x,y, s,p + Dw) = Hj(x, s,p) y£T N . 

Since v, w are bounded, by adding a constant we can assume w.l.o.g. that v > w in T . 
By (El 

Hj(x, y,r,p + _Dt>) = Hj(x, r,p) < Hj(x, s,p) < Hj(x, y,s,p + Dw) < Hj(x, y,r,p + Dw) 
and for a sufficiently small 

av + Hj(x, y,r,p + Dd) > aw + Hj(x, y,r,p + Dw) y G T . 
This last inequality gives a contradiction by the comparison principle for (I4.2p . □ 

5. The Homogenization theorem 

In this section we prove the Homogenization theorem for the problem (11.11) . 

Proposition 5.1. Assume f 1 2 . 2 [) . (I2.3P and H2.4j) . T/ien t/iere exists a unique solution 
u G BUC(R N x [0,T]) o/ 

-^ + H i (x,u,Du, i ) = (x,t)ER N x(0,oo), 

Ui(x, 0) = Uo ti (x) xeR N , i = l,...,M. 

Proof. The difficulty here is that the comparison principle for the limit system (15.11) is not 
a straightforward consequence of Proposition 14.31 Indeed, the regularity of the Hamilto- 
nians Hi is weaker than (12.21) (in particular compare (|2.2|) iv) and (14.31) ). To prove the 
comparison principle we first prove comparison in the case where either the subsolution or 
the supersolution is bounded Lipschitz continuous and then we proceed by approximation. 

Suppose that u is bounded Lipschitz continuous, that u is a bounded subsolution and 
v a bounded supersolution of (15.11) and that u, for instance, is Lipschitz continuous (with 
constant L). Arguing as in Proposition 13.11 and looking carefully at the proof of Proposition 
14.31 (see in particular (14. 6p ). it follows that the second estimate in flA.8[) could be replaced 
by 

\p\ < L, 

and therefore, setting R = \v\oo + 2M + L, from (14.31) . (1A.9|) becomes 

T\ < uJ R (La). 

The term T 2 does not exist since Hj does not depend on t. We deal with T 3 using again 
L3|) and 74 < as in the proof of Proposition 14.31 The rest of the proof is the same (even 
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easier since w(-,0) is Lipschitz continuous). It follows that we have comparison between 
Lispchitz continuous sub and supersolutions. In particular, by Perron's method, for any 
Lipschitz continuous uo, there exists a unique Lipschitz continuous solution u of (15.11) . 
Moreover, repeating the beginning of the proof of Proposition 13.31 we obtain that (13.41) 
holds, i.e. 

(5.2) max sup Uj — Vj < max sup («•/(-, 0) — v -,(•, 0)) + 

l<i<A/ M JV x [ 0)T ] 1<3<M RN 

if u is a subsolution and v a supersolution of (15.11) and either u or v is Lipschitz continuous. 

Now, consider the case when u is BUC. Let u (respectively v) be a BUC subsolution 
(respectively supersolution) of (15.11) . For all 7 > 0, there exists a Lipschitz continuous 
function Uq such that 

(5.3) t$<«o<«o+7 inRAr - 

Let u 1 (respectively v 7 ) be the Lipschitz continuous solution to (15.11) with initial data 
(respectively Uq + 7). By comparison in the Lipschitz case, u 1 < v 1 . From (15.21) and (15.31) . 
it follows 

u < u 7 + 7 < w 7 + 7 < w + 27 inf^xlO.T]. 

Since the previous inequality is true for all 7 > 0, we obtain the desired comparison u < v . 
Note that we obtain the existence and the uniqueness of a BUC solution as a byproduct 
of this latter proof. □ 

Theorem 5.2. Assume (12.21) . (I2.3P and (12 .4p . The viscosity solution u e of (11.11) converges 
locally uniformly on R N x [0,T] to the viscosity solution u e BUC(R N x [0,T]) of flBTT]) . 

Proof. By Proposition 13.31 there exists a continuous solution u £ of (11.11) which is bounded 
independently of e. It follows that we can define the half-relaxed limits 

u(x,t) = limsup u £ (x £ ,t £ ) and u(x,t) = liminf u £ (x £ ,t £ ). 

Let us mention at this step that we could use Ascoli's theorem in view of the equicontinuity 
property of Proposition 13.31 ii) to obtain a limit for u 6 along a subsequence. We choose to 
use the half-relaxed limits since it is not much more complicated and it does not require 
uniform moduli of continuity for the w e 's. 

We first show that u is a viscosity subsolution of the system (15. ip . We assume that there 
exist j G {1, . . . , M} and <fi G C l such that Uj — <fi has a strict maximum point at some 
(x, t) with t > and Uj(x,t) = (fr(x,t). We assume w.l.o.g. that j = 1. By Proposition 14.11 
there exists a corrector v for (x, u(x, t), D(p(x, t)), i.e. a viscosity solution of 

(5.4) H x {x,y,u(x,t),D(l){x,V) + Dv{y)) = H 1 {x,u{x,t), D<p(x,t)) yeT N . 
Define the "perturbed test-function" 



(5.5) (f) £ ' a (x,y,t) = (f)(x,t) +ev (JQ 



V\ , \x-y\ 



: ' a 2 
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By classical results on viscosity solutions (see [3l Lemma 4.3] or |2]), we have, since 
Hi — has a strict maximum point at (x, t), up to extract subsequences, there exist 
(x £tCt , y Eia , t Ei a) G R N x R N x (0,T] and (x E ,t e ) G R N x (0,T] such that (rr £ , a , y £ , a , t e , a ) 
is a local maximum of u\ (x, t) — <p £,a (x, y, t) and 

e ,on V e ,on t e ,a) * (j^et ^e) tt ► 0, 

(x £ ,t £ ) — * (x, t) as £ — > 0, 
lim lim u^(x £ja , t £)Q .) = t). 

E^O a^O 

Since ^(x, t) — <f) e,a (x,y £ta ,t) has a maximum point at (x £iQ , t £jQ ) and u e is a subsolution 

of (11. ip . setting p £iCe = 2 Xe ' a „^ £,a , we get 

cr 

x 

(5.6) (f>t(Xe,a, t e ,a) + #l( t eta ),D(j)(x e , a ,t e , a ) +p e ,a) < 0. 

Since f is a supersolution of (15. 4p and y i— »■ f (y) — ip £ ' a {ey) has a minimum point at y E , a / £ 
with 

V> £ ' a (?/) = -- ( ^ £ ' Q ^ + 0(x £jQ , t e Q ) - «i(x £>a , t £ . Q ) 

£ \ cr 
we get 

(5.7) Hi(x,^^,u(x,t), D(f>(x,t) + p e ,a) > Hi(x, u(x, t), D<fi(x, £)). 

Note that the corrector v is Lipschitz continuous by coercivity of Hi (see Proposition 14.11) . 
Therefore, from (14.61) . we have 

(5.8) \p £>a \ < \Dv\cc < L R with R = \D<p(x,t)\ + \u\oo. 
By (15. 6p and (15. 7p . we have 

(5.9) 0t(x,t) +H l (x,u(x,t),D(j)(x,t)) 

+H 1 (x,^-,u(x,t), D(p(x,t) +p £ , a ) 

H\{x £ )Q ,, — , It (x £)Q ,, t £j a), D(f)( y X £ a , t £t a) ~\~ Pe,o)- 

Since ( x £jQ ,, i £) a) — ► (x, t) and is smooth we get 

(5.10) lim lim <p t {x,t) - 4>t{x £ , a ,t £a ) = 0. 

e^0 a^0 



12 FABIO CAMILLI, OLIVIER LEY AND PAOLA LORETI 

To estimate the second term of the right-hand side we set 

7~i = ^,u(x,t),D(f)(x,t) +p £ , Q ) - H^X^a, -^,V,{x,t),D(j)(x,T) +p E ,a), 

T 2 = H^X^a, ^^,u(x,t) 7 D(j)(x,t) +p e ,a) ~ H X {x e>a , U £ (x £iCtJ t e>a ), D(f)(x, t) + p e , a ), 

% = H^x^a, ^^,u £ (x £t(X ,t £ja ) 7 D(j)(x,T) + p £>a ) 

From (E2Div) and flBTSl) . 

71 < + \D<f>(x,l)+ Pe M\x-x e , a \ + |X£ ' Q 



< ^((l + i? + ^)(|x-x e ,J + ^-)) 



and therefore 



lim lim 7^ = 0. 



To deal with 7^, we use the monotonicity assumption (I2.3p . Let 5 > 0. At first, up to 
extract some subsequences, by definition of u, we can assume that for a, e small enough 
with a <K e, we have 

U £ j{Xe,a, t E , a ) ~ Uj(x, t) < - for 2 < j < M. 

It follows that 

max{Mi(x,t) + 6 -Ui(x,t),ul(x e>a ,t Ey0l ) -u 2 (x,t),- ■■ ,u £ M (x £)Ct ,t £ , a ) -u M (x,t)} = 5 

is achieved for the first component. Set r$ = (ui(x, t) + 5, u 2 (x £)0l , t £ a ), • • • , u £ M (x £j0l , t £t0l )), 
then by Q 

Hl{x £ , a , -^-,u(x,t),D(l)(x,t) +p E ,a) ~ Hl(x £ ,a, , T S , D(j)(x,t) + p E>a ) < 0. 

Then 

T 2 < H 1 (x £yCt} -^-,r 5 ,Dcj)(x,t) +p £ , a ) - Hi(x £ , a , : ^ } u £ (x £ , a ,t £ia ),D(J)(x,t) + p £ , a ) : = T A . 
To prove that 

(5.11) lim lim = and lim lim lim Ta = 0, 

e^O q^O <5^0 e^O a^O 

we use the uniform continuity of H\ on compact subsets. We have 



and 



lim lim (x e a , w e (a; £ , Q , t e>0£ ), D(j)(x £>a , t £>a )) = (x,u(x,t), Dcj)(x,t)) 



lim lim lim r$ = uixA). 

5^0 e^O a^O 
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Since x Eta ,y £t0l — > x we have that x e>a: y e>a stay in some ball B(x,R). Hence choosing 
K = B~{x,r) xT N x [-Jwjoo - 1, |u|oo + 1] M x S(0, |Ity(z,t)| + L R + 1), by uniform 
continuity of Hi on X, (15.111) holds. Note that the periodicity of Hi allows to deal with 
x e ,a/£ which is not bounded. 

Finally, sending a — > at first, then e — > and finally 5 — > 0, we conclude that the 
right-hand side of (15.91) is nonpositive which proves that u is a subsolution of (15. II) . 

We prove that w is a viscosity supersolution of (15. ip in a similar way. From Proposition 
\3.1\ we then obtain that u < u in R^ x [0, T]. It follows that u = u := u where u is the 
(local) uniform limit of the u e, s. □ 

Remark 5.3. 

1. As mentioned above, the coercivity of the Hamiltonians plays a crucial role: it ensures 
the Lipschitz continuity of the correctors which allows us to deal with 7jj and T4 with 
weak regularity assumptions with respect to (r,p) in (12. 2p . When the Hamiltonians are 
not coercive anymore (and therefore the corrector is not necessarily Lipschitz continuous), 
the proof is more delicate. A way to solve this problem is to use the ideas of Barles [I] and 
his "F fc -trick" (see [U Lemma 2.1 and Theorem 2.1]). 

2. In the Lipschitz case (when uq is Lipschitz continuous), the above proof can be done in 
a simpler way using the uniform Lipschitz estimates on u £ given by Proposition 13.31 



6. Example 

We first describes a class of systems ( 12. ip which satisfy (12. 3p . We assume that the 
Hamiltonians Hj satisfy the following assumption (see |10j ) 



There exists c^- G R, 1 < i,j < M, s.t. ^2j=x c ji — ® an d 

for any (x, y, r,p) eR N xR N x R M xR N , 5> 0, 
Cji5 < H { (x,y,r + 5ej,p) - H { (x,y,r,p) < if j ^ i, 
cuS < Hi(x,y,r + 5e u p) - H(x,y,r,p) 



(6.1) 



where (ei, • • ■ , e n ) is the canonical basis of R A/ . Note that necessarily Cji < for i 7^ j and 
cu > 0. 

In the next proposition we prove that the assumption (16. ip implies the monotonicity 
condition (12. 3p 

Proposition 6.1. Condition (16. ip implies (12. 3p . 

Proof. Assume that rj — Sj = m.a^k=\,...,M{fk — Sk] > 0. For simplicity, we drop the 
dependence in (x,y,p) in H(x,y,r,p) in the proof of the proposition since these variables 



> 
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do not play any role here. We have 

= H j (r 1 ,r 2 , ■■■ ,r jr -- ,r M ) - H j (s 1 ,s 2 , ■■■ ,s jr -- ,s M ) 
= H j (r 1 ,r 2 , ■■■ ,rj,--- ,r M ) ~ H j (s 1 ,r 2 , ■■■ ,r h ■ ■ ■ , r M ) 

+H j (s 1 , r 2 , ■ ■ ■ , rj, ■ • ■ , r M ) - Hj{s u s 2 , r 3 , ■ • • , r jt ■ ■ ■ , r M ) 

+ ••• 

■ ■ • , Sj-i,rj, ■ ■ -r M ) - Hj(s x , ■■■ , s j: r j+h ■ ■ ■ r M ) 

+ ■■• 

+H j (s 1 , • • • , s M -i,r M ) - Hj(s 1} ■ ■•%). 

Hj(si, ■ ■ -Sfe_i,r fe ,r fc+ i • ■ ■ ,r M ) - Hj(si, • ■ ■ , s k -i, s k ,r k+ i, ■ ■ ■ ,r M ) 

j if r k - s k < t _ \ 

\ c kj {r k -s k ) ifr k -s k >0 ~ Ck ^ 3 S >> 

since c k j < and Tj — Sj = max/ c= i v .. ) M{^fe — s k } > 0. Moreover, 

H j (s 1 , ■ ■ ■ Sj^r^Tj+x ■ ■ ■ ,r M ) - H j (s 1 , ■ ■ ■ s 3 -_i, Sj, r j+1 , ■ ■ ■ ,r M ) > c^ir^ - Sj). 

It follows 

M 

H 3 {r) - H 3 {s) > J2 c kj( r 3 ~ s o) > 

k=l 

as desired. □ 

Remark 6.2. Property (12. 3p is not equivalent to 06. II) . More precisely, if ( 12. 3p holds, the 
existence of Cji for j ^ i is not always true (the others assertions hold). Indeed, for M = 2, 
consider for instance Hi{r\,r 2 ) = e ri ~ T2 + 2r\ — r 2 (and define H 2 symmetrically). Then 

#i(Vi + 5, r 2 + y) - H^n, r 2 ) = e ri - r2 (e 5 ~ M -l) + 26-fM>6 

when /i < 5. This ensures (12.31) with A = 1. Nevertheless, if 1 (r 1 ,r 2 + /i) — H 1 (r 1 ,r 2 ) ~ 
— (1 + e ri ~ r2 )/i for small fi and 1 + e ri ~ r2 is not bounded. 

A particular case of monotone systems are the weakly coupled systems ( I2.6p . For (12.61) . 
assumption (16. ip is satisfied if 

M 

(6.2) cu(x,y) > 0, Cji(x,y) < for j ^ i and } u c oi {x, y) > 

3=1 

for any x, y G Mr, i,j G {1, . . . , M}. Let us consider a specific example of weakly coupled 
system for which it is possible to have an explicit formula for the effective Hamiltonians. 
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Consider the system 



dm 
— - + 
dt 



dm 



dx 



cji (-J Uj = (x,t) Glx [0, oo). 

3=1 

where the Cjj's satisfy (16. 2p . The associated cell problems are 

M 

(6.3) \p + v\y)\ + ^c ji {y)r j = \ ye [0,1], AeR, 

for i — 1, . . . , M. We rewrite f!6 .31) as 

(6.4) |p + t/(y)| = A + /(y) ye [0,1] 

M 

where f(y) = — ^^Cji(y)rj. The effective Hamiltonian for (16 .4p is given by (see [8]) 
i=i 

(6.5) #(p) = max{-min/, \p\ - / f(y)dy} 

I . 1 ] Jo 

and therefore we get the effective Hamiltonian for (16.31) 

{M M r i 

maxV^ Cji(y)rj, \p\ + ^ rj / Cji(y)dy 
3=1 3=1 J ° 

A natural question is that if the problem (15.11) which arises in the homogenized limit 
of the weakly coupled system (12.61) is still of weakly coupled type. Whereas the answer is 
positive if the coefficients c^- are independent of y, in general it is not necessarily true. 

Proposition 6.3. Assume that (12.21) holds and that the coefficients Cij in (12.61) are constant 
and satisfy (16.21) . Then 

M 

(6.7) H i (r,p)=H i (p)+J2 c . 

3=1 



3* T 3 



where Hi(p) is the effective Hamiltonian of Hi(x,p), i.e. the unique A G R for which the 
equation 

(6.8) H t (y,p + Dv(y)) = H l (p) yeT N 

admits a viscosity solution. 

Proof. By definition, there exists a viscosity solution to 

M 

Hifap + Dvty)) + J2 c H r i = Hi(r,p), yeT N 

3=1 
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or equivalently to 

M 

H i (y,p + Dv{y)) = Hfap) - V G T " ' 

3=1 

By (16. 8ft and the uniqueness of the effective Hamiltonian, the constant in the right hand 
side of the previous equation is given by Hi(p), hence the formula (16.71) . □ 

The following example shows that if the coupling coefficients Cy are not constants, the 
limit system is not necessarily weakly coupled. Consider the 1-dimensional case (16.31) . Take 
i = l and r = (ri, 0, . . . , 0), then 

Hi{r,p) = max <^ maxcu(y)ri, \p\ +n c n (y)dy > . 

I I - 1 ! Jo J 

If max[ 0jl ] en = a, min^i] Cn = (3 and cn(y)dy = 7, with a > 7 > (3 > 0, then for p 7^ 
fixed 

_ ( frx if n < H/(/3-7), 

Hi(r,p) = < m + \p\ if \p\/((3--i) < n < |p|/(a-7), 

[ an if ri > \p\/(a - 7). 

Then H\(r,p) is not a linear function of r and therefore is not of weakly coupled type. 

By the formula (16. 6p it is possible to see another typical phenomenon in homogenization 
of Hamilton- Jacobi equation, the presence of a flat part in the graph of effective Hamil- 
tonian (see [8], [T5]). 

Appendix A. 

Proof of Proposition [X71 We first prove the comparison principle. Define 

^{x,y,t,s,j) = Uj(x,t) - Vj(y, s) f3(\x\ 2 + \y\ 2 ) - -qt, 

lot l\i 

where a, (3, \i, rj are positive constants. Since u,v are bounded, maxy sup/ R iV)2 x r 0)T ] ^ is 
finite and achieved at some (x, y, t, s, j) . 
For all j and (x, t) G Mr, we have 

uj(x,t) -Vj(x,t) - 2f3\x\ 2 -rjt = ^(x,x,t,t,j) < ^(x,y,t,sj) < uj(x,t) - vj(y,s). 

If uj(x,t) —vj(y,s) < for all (3, T] > 0, then the comparison holds. Therefore, we suppose 
that 

(A.l) uj(x,t)-vj(y,s) >0 

for (3, rj sufficiently small. 
The following inequality 

Ul (0, 0) - Vl (0, 0) = (0, 0, 0, 0, 1) < (2f, y, t, s, j) 
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and the boundedness of u,v leads to the classical estimates (see [3j Lemma 4.3]) 

(A.2) P(\x\ 2 + \y\ 2 ), , < 2(11*100 + Moo), 

l\i la 

It — |Zc — y| 
(A. 3) lim — = 0, lim /?(|x| + lyl) = and lim limsup — = 

^->o 2/x /3^o q^o ^p^o 2a 

we will need later. 

Assume for a while that it is possible to extract some subsequences a,j3,fi — ► such 
that 

(A.4) t > and s > 0. 

It follows that we can write the viscosity inequalities for the subsolution u and the super- 
solution v. Setting p = (x — y)/a, we have 

(t — s) 

(A.5) i '- + H 1 (x,t,u(x,t),p + 2px) < 

a J v 7 

and 

(A.6) S^A + Hj (y,s,v(y,s),p-2py)>0. 

a J 

Subtracting (|A.6[) from fl A. 5[) . we obtain 

(A.7) r) < H- (y, s, v(y, s),p- 2(3y) - H- (x, t, u(x, t),p + 2(3x) =T 1 + T 2 + % + T 4 , 
where 

%. = Hj(y,s,v(y,s),p- 2fSy) - Hj(x,s,v(y,s),p-2(3y) , 
T 2 = Hj (x, s, v(y, s),p- 2(3y) - Hj (x, t, v(y,s),p- 2(3y) , 
T 3 = Hj (x, t, v(y, s),p- 2/3y) - Hj (x, t, v(y, s),p + 2/3x) , 
T A = Hj (x, t, v(y,s),p+ 2(3x) - Hj (x, t, u(x,t),p + 2(3x) . 

From (1A.2j) . choosing < a, (3 < 1 and setting M = A /2(|-u| 00 + \v\^) we have 

j — M 
(A.8) P\x\,P\y\<Myfp <M and \p\ < —=. 

From fl2.2|) iv). we have 

T x < u((l + \p\+2P\y\)\y-x\) 

(A.9) < oj((1 + 2M)M v ^+ ) 

a 

If a,/3 are fixed, x,v(y,s),p — 2py are bounded independently of n by (1A.2|) . It follows 
that there exists a modulus of continuity oJa^^^^r such that 

T 2 < WaJMooMl" 3 



18 FABIO CAMILLI, OLIVIER LEY AND PAOLA LORETI 

By (ED, 

M 

\p - 2(3y\,\p + 2f3x\ <— + 2M 



/a 

and therefore, by (I2.2p iii). there exists a modulus of continuity t^a^l^T such that 

% < cu a>]ootT ((3(\x\ + \y\)) < u aMoctT (2MP). 

The non classical term here is 7^ for which we have to use (12.31) to deal with: since 
< uj(x,t) — vj(y,s) = m&xi<i<M{ui(x,t) — Vi(y,s)} by definition of j and flA.ip . we 
obtain 

T 4 < 0. 

Finally, (1A.7|) reads 

(A.10) 77 < w((l + 2M)M^ + t^-) + uj qMvUT (\s - t\) + w a , Maa , T (/3(\x\ + \y\)). 

By (1A.3jl . we can take a small enough to have a>(- • • ) < rj/3. Then we choose successively 
j3 and \x small enough to obtain a contradiction in (1 A. 101) . 

Therefore, choosing p « [3 « a « rj small enough, (1A.4I) does not hold and, for all 
extractions, one has for instance t — 0. It follows that, for all j and x,y G K.^, t G [0, T], 
we have 



,-(x,t) -^-(y,t) < r/t+ |X 1/1 + (3{\x\ 2 +\y\ 2 ) + (uj{x, 0) - vj(y, s)) + - " /y| 



Sending p — > and then /3 — > 0, we obtain, using (1A.3|) . 

(A.ll) Uj (x, t) - Vj {y, t)<yt + + (uj{x, 0) - vj{y, 0)) + - "J 1 . 

But Uj(x, 0) — tH-(y, 0) < w j(^) — u oj(jj) an d by uniform continuity of the «o,/s, j 
1, • • • , M, for all p > 0, there exists C J)P > such that 

(A.12) u ,j{x) - u ,j{y) < p + C ijP |a; - y\ 

and therefore 



x — y\ \x — y\ l 

(A. 13) u 0ij (x) - u 0ij (y) - ' — < p + C^a: - y\ ^— <p + -olC] p 

We fix p > and set C7 p = maxi<j<M C i;P / a/2. Then (lA.llj) becomes 

I 1 2 

(A. 14) Uj (x,t) -Vj(y,t) < p + yt + aC 2 p + lX ~J' . 

Using (1A.31) and sending succesively ft— >0,r/^0,p^0, we conlude that the compar- 
ison holds. 

By classical Perron's method (see |14j). comparison implies the existence of a continuous 
viscosity solution u to (13. ip . Applying the comparison principle again, we obtain the 
uniqueness of the solution. □ 
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Proof of Proposition \3.2[ We first prove that u is bounded. Let 

u^ix, t) = (±|m |oo ±Ct,--- , ±|m |oo ± Ct), 
where C = C(H, |u |oo,T) is defined by 

(A.15) C : = sap {\Hj (x,t,r,0)\ : x G R N , t G [0,T], |r| < |w |oo, 1 < j < M] . 

It suffices to prove that u + is a supersolution and u~ a subsolution of ( 13. ip . Then, by the 
comparison principle of Proposition 13.11 we get 

W~ < W < W + l^X [0, T] 

and we obtain the global L°° bound 

(A.16) \u\ < |m |oo + C(H, \u \oo,T)T. 

We only prove that u + is a supersolution, the proof for u~ being similar. At first, u + 
satisfies clearly the initial condition. Since u + is smooth, for all j and (x, t) eR N x (0, T), 



dt 
But 



3 + Hj(x, t, u + (x, t), Du+(x, t)) = C + Hj(x, t, u + (x, t), 0). 



max \ut(x,t) — lunlooi = Ct > 

Kk<M K 



is achieved for every index 1 < k < M. Therefore, from ( 12. 3p . for all j, 

Hj(x, t, u + (x, t),0) > Hj(x, t, Oo|oo, • • ■ , |«oU), 0) > -C 

which proves the result. 

We prove the uniform continuity of u in the space variable uniformly in time. Repeating 
the proof of the comparison principle with v = u, from ( 1A.14I) . we obtain for all p, rj > 0, 
there exists C p such that, for all j, x, y 6 WL N , and t G [0, T], 



I 1 2 

uJx, t) - uJy, t)<p + rft+ inf {aC 2 + |X ~ Vl } <2p + V2C P 

a>0 1 lot 



x-y\ 



if we take t] such that rjT < p. This proves that there exists a modulus of continuity u sp 
in space for u which is independent of t G [0, T] : 

Uj(x,t) -Uj(y,t) <u sp (\x-y\) x,yeR N , te[0,T). 

We continue by deducing a modulus of continuity in time (uniformly in space). This 
result is classical in parabolic pdes. Here we adapt the proof of [5j Lemma 9.1]. We want 
to prove that, for all p > 0, there exist positive constants C p and K p such that, for all j, 
x, Xq G M. n with \x — Xq\ < 1 and < t < t < T, 

(A.17) Uj{x,t) - Uj(x ,t ) < p + C p \x - x \ 2 + K p (t - t ). 

and 

(A. 18) — p — C p \x — x \ 2 — K p (t — t ) < Uj(x, t) — Uj(x , t ). 
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We will prove only the first inequality, the proof of the second one being analogous. Since 
x E B(x , 1), taking 

C/9 — 2 | li loo j 

we are sure that (1A.17I) holds on 8B(xq, 1) x [to, T] for every p, K p > 0. It is worth noticing 
that C p depends only on \u\oo- Next we would like to ensure that ( 1A.17I) holds in B{xq, 1) x 
{to}- To this end, we argue by contradiction assuming there exists p > such that, for 
every C p > 0, there exists j and yc p £ B(xq, 1) with 

(A.19) Uj{yc p ,t ) - Uj(x , t ) > p + C p \y Cp - x \ 2 . 

It follows 



'2|iil 



//( ■„ - -'(i < \/ [ ~ [0 ° ^0 as C p -y +oo. 

From (1A.19I) . we get 

v BP (\yc p - x \) > Uj(y Cp ,to) - Uj(x ,to) > p + C p \y Cp - x \ 2 > p, 

which leads to a contradiction for C p large enough. Note that the choice of C p to obtain 
the contradiction depends only on p, \u\oo and u sp . Finally we proved that, up to choose 
C p = C p (p, Moo,^sp) big enough, §KT7\ ) holds on (dB(x , 1) x [t ,T]) U (B(x , 1) x {t }). 
For all 1 < j < M, we set 

Xj(y, t) := Uj(x , t )+p + C p \y - x \ 2 + K p (t - t ) (y, t) 6 WL N x [0, T] 

and x — (Xi) • • • ? Xm)- Note that x is a smooth function. We claim that we can choose the 
constant K p big enough in order that x is a strict supersolution of (13. ip in B(x , l)x(t ,T). 
Indeed, for all j, and (y, t) G B(x , 1) x (t ,T), 

(A.20) ^ + Hjiy, t, X (y, t), D Xj (y, t)) = k p + Hj(y, t, X (y, t), 2C p (y - x )). 
But 

max {xk(y, t) - u k (x , t )} = p + C p \y - x \ 2 + K p (t - t ) > 

l<k<M 

is achieved for every index 1 < k < M. Therefore, from ( I2.3p . for all j, 
(A.21) Hjiy, t, X (y, t), 2C p {y - x )) > H 5 (y, t, u(x , t ), 2C p {y - x )). 
By Ohi), 

M CpMoo := inf{^(y,t,r,p) : y e R N ,t e [0,T], |r| < {u^, \p\ < 2C P , 1 < j < M} 
is finite. Taking 

K p > -M CpMoo , 
from (1A.20P and ( 1A.21I) . we obtain, for all j, 

^ + Hj(y, t, X (y, t), D Xj (y, t)) > (y, t) e B(x , 1) x (t , T) 



21 



which proves the claim. 

From the very definition of viscosity solution, it follows that, for all j, _ max { u j~Xj} 

B(x ,l)x(t ,T) 

is necessarily achieved on the parabolic boundary of B(xq, 1) x (t ,T) and therefore ( 1A.17I) 
holds in B(x ,R) x [t ,T]. 

From f[QTD and ([OBjl . we obtain that, for all p > 0, 1 < j < M, x G R N , and 
t,se[0,T], 

\uj(x, t) — Uj(x, s)\ < p + K p \t — s\ 

and K p is independent of x. This proves the existence of a modulus of continuity u> tm in 
time which is independent of x G K.^. □ 
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